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Abstract

This work proves that

%∞(a, b) =
|a− b|

max(|a|, |b|)
is a metric on the complex numbers with the understanding that 0/0 = 0.

1 Background and Proof

The function %∞(., .) arises in the analyses of quantities computed in floating point arithmetic
with machine precision ε. A complex floating point number, b, approximates an unreal number,
a, in the sense that %∞(a, b) ≤ ε. We prove that

%∞(a, b) + %∞(b, c)− %∞(a, c) ≥ 0

by determining that the critical points of a normalized problem are real.
Unless |b| > max(|a|, |c|) the triangle inequality for %∞(., .) follows from the ordinary triangle

inequality. It suffices to consider the case |b| ≥ |a| ≥ |c|. We rotate a, b, c so that b = |b|, and
then scale such that b = 1. Next we introduce notation for polar coordinates,

a = αeiφ and c = γeiθ.

Note that the triangle inequality holds in the obvious cases 1 = a or a = c or a = 0 or c = 0,
and henceforth we assume these equations do not hold. We also introduce

f(σ, ψ) = |1− σeiψ|

because %∞(a, 1) = f(α, φ), %∞(1, c) = f(γ, θ), and

%∞(a, c) = f(
γ

α
, θ − φ).

We proceed from the observation that because f is smooth away from σ = 0, it is possible to
use elementary techniques to minimize

T (α, φ, γ, θ) = f(α, φ) + f(γ, θ)− f(
γ

α
, θ − φ)
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on D = {α, φ, γ, θ : 0 < γ ≤ α <= 1, 0 ≤ φ, θ < 2π}.
To compute ∇T , differentiate

f2 = 1− 2σ cos(ψ) + σ2

first w.r.t ψ and second w.r.t σ, and divide by 2f to find

Dψf = σ sin(ψ)/f, and Dσf = (σ − cos(ψ))/f.

This identity and the chain rule imply that

DφT =
α sin(φ)
%∞(a, 1)

+
γ

α

sin(θ − φ)
%∞(a, c)

,

and that

DθT =
γ sin(θ)
%∞(1, c)

− γ

α

sin(θ − φ)
%∞(a, c)

.

Similarly,

DαT =
α− cos(φ)
%∞(a, 1)

+
γ

α2

γ/α− cos(θ − φ)
%∞(a, c)

,

and

DγT =
γ − cos(θ)
%∞(1, c)

− 1
α

γ/α− cos(θ − φ)
%∞(a, c)

.

∇T = 0 at (α, φ, γ, θ) ∈ D for which

−α
2

γ

sin(φ)
%∞(a, 1)

=
sin(θ − φ)
%∞(a, c)

=
α sin(θ)
%∞(1, c)

,

and

−α
2

γ

α− cos(φ)
%∞(a, 1)

=
γ/α− cos(θ − φ)

%∞(a, c)
= α

γ − cos(θ)
%∞(1, c)

.

Next we solve these equations for the critical points.
First we extract and eliminate ratios of values of %∞(, ., ):

−α
2

γ

sin(φ)
sin(θ − φ)

=
%∞(a, 1)
%∞(a, c)

= −α
2

γ

α− cos(φ)
γ/α− cos(θ − φ)

,

1
α

sin(θ − φ)
sin(θ)

=
%∞(a, c)
%∞(1, c)

=
1
α

γ/α− cos(θ − φ)
γ − cos(θ)

,

−γ
α

sin(θ)
sin(φ)

=
%∞(1, c)
%∞(a, 1)

= −γ
α

γ − cos(θ)
α− cos(φ)

.

The first equations becomes

(
γ

α
− cos(θ − φ)) sin(φ) = (α− cos(φ)) sin(θ − φ).

Using sin(φ− (θ − φ)) = sin(φ) cos(θ − φ)− cos(φ) sin(θ − φ), this simplifies to

γ

α
sin(φ) = α sin(θ − φ)− sin(2φ− θ).

Similar analyses of the two equations that remain produce

γ

α
sin(θ) = γ sin(θ − φ) + sin(φ),
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and
γ sin(φ)− α sin(θ) = sin(θ − φ).

Second we eliminate γ from these equations:

γ =
α

sin(φ)
(α sin(θ − φ)− sin(2φ− θ)) =

α sin(φ)
sin(θ)− α sin(θ − φ)

=
α sin(θ) + sin(θ − φ)

sin(φ)
.

Third solve the first and third of these equations for α:

α2 − sin(2φ− θ) + sin(θ)
sin(θ − φ)

α− 1 = 0.

Also combine the first and second equations and one has

α2 − sin(2φ− θ) + sin(θ)
sin(θ − φ)

α+
sin2(φ) + sin(θ) sin(2φ− θ)

sin2(θ − φ)
= 0.

Since for fixed θ and φ these two polynomials differ by a constant, they share a root if and only
if they are equal:

sin2(φ) + sin(θ) sin(2φ− θ)
sin2(θ − φ)

= −1.

This equation first simplifies to

sin2(φ) + sin(θ) sin(2φ− θ) + sin2(θ − φ) = 0.

We use the expansion

sin(2φ− θ) sin(θ) = ( 2 cos(φ) sin(φ) ) cos(θ) sin(θ)− cos(2φ) sin2(θ)

to decipher this expression:

sin2(φ) + sin(θ) sin(2φ− θ) + sin2(θ − φ) =

− cos(2φ) sin2(θ) + (sin(θ) cos(φ))2 + (− cos(θ) sin(φ))2 = sin2(φ).

At a critical point sin(φ) = 0. But then sin(θ) = 0 must also hold for DφT = 0. That is, a and
c are real.

The critical points in the real case with 1 = b ≥ |a| ≥ |c| lie along the kernal of f , a = c, in
which case

%∞(a, b) + %∞(b, c)− %∞(a, c) = %∞(a, b) + %∞(b, c) ≥ 0.

This completes the proof that %∞(., .) is a metric on C.
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